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Goal of this talk

Sample from a high-dimensional measure

σ ∼ µ(dσ) ≡ 1
Z
eβHN (σ)dσ, µ ∈ P(RN)

where HN non-concave and highly multimodal
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Mean-field spin glasses

Random polynomial over {±1}N or SN = {σ ∈ RN : ‖σ‖ =
√
N}

Sherrington-Kirkpatrick model:

HN(σ) =
1√
N

N∑
i,j=1

gi,jσiσj gi,j
i.i.d.∼ N (0, 1)

p-spin model: (SK: p = 2)

HN(σ) =
1

N(p−1)/2

∑
i∈[N]p

giσi1σi2 · · ·σip gi
i.i.d.∼ N (0, 1)

Mixed p-spin model:

HN(σ) =
∑
p≥2

γp
N(p−1)/2

∑
i∈[N]p

giσi1σi2 · · ·σip .

µβ(dσ) ≡ 1
Z e

βHN (σ)dσ Gibbs measure at inverse temperature β
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Connections

Spin glasses are prototypes for disordered, random probability measures:
Posteriors in high-dimensional Bayesian inference
Community detection, error-correcting codes, compressed sensing

E.g. Z2-synchronization (Fan–Mei–Montanari 21, Montanari–Wu 23):

Estimate x0 ∼ unif({±1}N) from noisy observation A = λx⊗20 + W

where Wi,j
i.i.d.∼ N (0, 1)

Posterior is precisely

p(x |A) =
1
Z

exp (λ(Ax , x))
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Background and informal result

For sampling from Gibbs measure µβ(dσ) ≡ 1
Z e

βHN (σ)dσ:

0

β ..

This work: in spherical models, β < βSL, alg-SL samples in total variation
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Stochastic localization

Given µ ∈ P(RN), consider Brownian motion with unknown drift

y t = tx0 + Bt ∼ N (tx0, tIN)

Here x0 ∼ µ independent of Bt , and only y t observed

x0

The sampling strategy:
Simulate y t for a long time t ∈ [0,T ] without knowing x0

Read off x0 ≈ yT/T

Reparametrization of “backward process” in denoising diffusions
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Stochastic localization

Our goal is to simulate, on average over unobserved x0 ∼ µ,

y t = tx0 + Bt

Equivalent: Markovian SDE, with drift current conditional expectation of x0

dy t = mtdt + dW t mt = E[x0|y t ]

Upshot: estimating mt lets us simulate y t , thus sample from µ

AMS22: estimate mt by approximate message passing (AMP) iteration
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Results

Recall HN(σ) =
∑

p
γp

N(p−1)/2 〈G (p),σ⊗p〉. Mixture function: ξ(q) =
∑

p≥2 γ
2
pq

p

Theorem (H.–Montanari–Pham 24)

Consider spherical model µβ(dσ) ≡ 1
Z e

βHN (σ) dσ.
1 If

ξ′′(q) < (1− q)−2 ∀q ∈ [0, 1)

a poly-time algorithm samples from µ with TV error oN(1).

2 Otherwise∗, a generalized class of SL algorithms fails. (∗in RS phase)

For pure p-spin model ξ(q) = β2qp,

βSL
βsh
∈
[√

e

2
≈ 0.824, 1

]
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Improving Wasserstein to total variation

1 Simulate SL process y t with improved mean estimator

AMS22: estimator m̃t with E‖m̃t −mt‖2 = o(N) ⇒ Wasserstein sampling

E
(σ̃,σ)∼Coupling(µalg,µ)

‖σ̃ − σ‖2 = o(N)

This work: improved m̂t with E‖m̂t −mt‖2 = o(1) ⇒ can show

KL(ŷT , yT ) ≤
∫ T

0
E‖m̂t −mt‖2 dt = o(1)

(and TV ≤
√
KL = o(1))

2 Sample from µT = L(x0|yT ), which is log-concave for large T = O(1)
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Improved mean estimation

µt = L(x0|y t) is Gibbs measure of tilted model: µt(dσ) ≡ 1
Z e

HN,t(σ)dσ for

HN,t(σ) = HN(σ) + (y t ,σ)

Estimator of AMS22: solution m̃t = mTAP to TAP equation

m = a(‖m‖)∇HN,t(m)− b(‖m‖)m

found via AMP iteration

mk+1 = ak∇HN,t(mk)− bkmk−1

Analyze by AMP state evolution ⇒ E‖mTAP −mean(µt)‖2 = o(N)

Our analysis:
Actually, E‖mTAP −mean(µt)‖2 = O(1)
Compute correction ∆, so m̂t = mTAP +∆ has error o(1)
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Conclusion

In spherical models, algorithmic SL samples in total variation for β < βSL

Generalized class of SL algorithms fails for β ≥ βSL

Main step: more accurate mean estimator for tilted measures
Q: sampling between βSL and βsh?

0

βPI

βSL

βsh

Glauber/Langevin dynamics mix rapidly

Algorithmic SL samples in total variation

Prediction: Glauber/Langevin succeeds

Prediction: shattering; sampling hard

Thanks!
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