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Introduction and motivating problems 1/25

Random optimization problems

How well can an efficient algorithm optimize a random objective?

Extensively studied models of disordered objectives:

‚ Max-cut, max independent set, q-coloring, on random graph G pN, pq

‚ Constraint satisfaction: random instances of (max)-k-SAT, e.g.

px1 _ x̄3 _ x6q ^ px2 _ x3 _ x̄5q ^ px̄1 _ x̄4 _ x6q

‚ Random perceptron: given IID g 1, . . . , gM „ N p0, INq, ϕ
Ò

activation

: RÑ R,

Hpσq “
M
ÿ

a“1

ϕ
`

xσ, g ay
˘

Maximize over spherical domain σ P SN´1
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Random optimization problems: motivation

‚ Max-likelihood estimation in statistical tasks, e.g. stochastic block
model: recover latent communities from unlabeled graph

(Mossel Neeman Sly 12, Abbe Bandeira Hall 15, Mossel Sly Sohn 23)

MLE is min-bisection — non-convex and NP-hard in worst case.

‚ Model of neural network loss landscapes
(Choromanska Henaff Mathieu Ben Arous LeCun 15)

Random perceptron Ø loss landscape of neural net on random data.
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Introduction and motivating problems 3/25

Random optimization problems: goals

Ground state: max value of objective H that exists whp? (OPT)

Optimization: given random realization of H, algorithmically find σalg

with Hpσalgq as large as possible.

What value ALG can an efficient algorithm achieve? Does ALG “ OPT?

0 value of H

ALG “ OPT

solutions exist + algorithms find them no solutions

ALG OPT

algorithms succeed solutions exist but hard to find no solutions

Challenges:

‚ Highly nonconvex landscape with eΩpNq

maxima — what are good algorithms?

‚ Average case setting — how to reason
about algorithmic hardness?
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Solution geometry and algorithmic connections

Level sets tσ : Hpσq « Eu exhibit (conjectured) phase transitions:

E
0 Euniq Esh Ersb Eopt

(Image from Krzakala Montanari Ricci-Tersenghi Semerjian Zdeborová 06)

Algorithmic implications expected, e.g. local MCMC fails beyond
shattering threshold Esh

Does solution geometry have rigorous implications
for algorithmic tractability?
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This talk: overlap gap property

Gamarnik Sudan 14: solution landscape properties ñ rigorous hardness
for stable algorithms in random search / optimization problems

Stability: view algorithm A : H Ñ σ as function of problem instance H

Basic idea is to argue:

‚ If stable algorithm A succeeds, it can build a solution constellation with
some prescribed geometry

‚ But we can show this constellation doesn’t exist in solution space
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Where it all started
Max independent set: find a large ind set of Erdős–Rényi G pN, d{Nq

(d large but fixed, N Ñ8)

‚ Largest ind set that exists: p2` odp1qq
log d
d N (Frieze 90)

‚ Best known algorithm finds: p1` odp1qq
log d
d N (Karp 76; greedy)

0 ALG “ log d
d

N OPT “ 2 log d
d

N

algorithms succeed no solutionsdo algorithms succeed here?

Hatami Lovász Szegedy 12 conjecture: local algorithms can
p1´ op1qq-approximate OPT

Local algorithm: generate Uv „ unifpr0, 1sq

at each v P G (shared randomness)

Uv

Ua

Ub Uc

At each v P G , decide output σv P t0, 1u based on

only data within R-neighborhood of v (R “ Op1q)

R
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Overlap gap property: the basics 7/25

Local algorithms do not reach OPT

Theorem (Gamarnik Sudan 14)
Any Op1q-local algorithm does not find an independent set of size
ě p1 `̀̀ 1?

2
` odp1qq

log d
d N in G pN, d{Nq, whp.

0 log d
d

N p1` 1?
2
q

log d
d

N 2 log d
d

N

algorithms succeed hard for local algs no solutions

Consider correlated family of G pN, d{Nq indexed by 0 ď t ď T “
`

N
2

˘

:

G 0 G 1 G 2 GT

ùñ
σt “ ApG tq

small steps
by stability

σ0

σT

Each G t resamples one edge of G t´1 (so G 0,GT independent)
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Local algorithms do not reach OPT

G 0 G 1 G 2 GT ùñ
σt “ ApG tq

small steps
by stability

σ0

σT

ąqogp
qogp

Suppose local A beats p1` 1?
2
` εq log d

d N ñ each σt solves G t

(i.e. is ind set of size ě p1` 1?
2
` εq log d

d N)

Landscape obstruction : for “medium” qogp, there do not exist σ,ρ

such that |differencepσ,ρq| “ qogp and

σ solves G t1 and ρ solves G t2 for some t1, t2

Chaos property : G 0, GT don’t have solutions σ,ρ with diff ď qogp

Proof for both: calculate E#tsuch pσ,ρqu ! 1
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σ solves G t1 and ρ solves G t2 for some t1, t2

Chaos property : G 0, GT don’t have solutions σ,ρ with diff ď qogp

Proof for both: calculate E#tsuch pσ,ρqu ! 1
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Questions

‚ Can we show a tighter bound?

0 log d
d

N p1` 1?
2
q

log d
d

N 2 log d
d

N

algorithms succeed hard for local algs no solutionswhat happens here?

‚ Algorithm classes beyond local algorithms?

‚ Problems beyond max independent set?

‚ Finer-grained runtime bounds?
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Remarks

Instead of |differencepσ,ρq|, equivalent to consider overlap pσ,ρq{N,
where we encode σ,ρ P t0, 1uN

“No solutions σ,ρ with medium overlap” is notion of clustering:

qogp
no solutions in red zone

σ

OGP uses geometry to rule out stable algorithms. We hope this is
indicative of hardness for all polynomial time algorithms.

Known exceptions:

‚ Random k-XOR-SAT exhibits OGP, but solved by gaussian elimination

‚ Lattice methods use algebraic structure (Zadik Song Wein Bruna 21)

‚ Shortest path exhibits OGP but easy (Li Schramm 24)
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Low degree polynomials

Encode G P t0, 1up
N
2q by edge indicators.

Class of algs A : Rp
N
2q Ñ RN

ApG q “ pA1pG q, . . . ,ANpG qq .

where each Ai is a (possibly random) degree ď D polynomial.
Round to get output in t˘1uN . Deg Op1q polys include:

‚ Gradient descent, Langevin dynamics
‚ Approximate message passing, first-order iterations
‚ Message passing algorithms on factor graphs
‚ Op1q-local algorithms

for Op1q time

Low degree heuristic: deg ď D polynomials « e
rOpDq time algorithms in

many statistical problems (Hopkins 18, Kunisky Wein Bandeira 19, . . . )
So deg OplogNq « polynomial time

(But see Buhai Hsieh Jain Kothari 25 for counterexample)
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Low degree hardness

Can OGP show hardness of random optimization problems for low
degree polynomials?

Resounding yes.

‚ Gamarnik Jagannath Wein 20: max ind set hard at p1` 1?
2
q

log d
d N

‚ Wein 21: MIS hard at log d
d N “ ALG (see also Rahman Virág 17)

‚ OGP ñ low degree hardness in many problems (Gamarnik Kızıldağ 21,
Bresler H 21, Gamarnik Kızıldağ Perkins Xu 22, Li Schramm Zhou 24)

The catch: these results show Ppa degree D alg succeedsq ď 1´ e´ΩpDq

Open problem in Dec 2024 AIM workshop: Low degree polynomial
methods in average-case complexity

Our main result improves this to op1q
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Ladder OGP: hardness for low degree polynomials

Theorem (Wein 21)
Any deg-D polynomial does not find an independent set of size
ěp1` odp1qq

log d
d N in G pN, d{Nq (with success prob ě 1´ e´ΩpDq).

G 0 G 1 G 2 G 3 G 4 G 5 GmT¨ ¨ ¨

Forbidden structure: m ind sets ρ1, . . . ,ρm of size ě p1` εq log d
d N

(to possibly different G t) where

1
N |ρ

tzpρ1 Y ¨ ¨ ¨ Y ρt´1q| P rqogp, qogp ` δs for all 2 ď t ď m

Suppose low deg A succeeds: σt “ ApG t
q is large ind set in G t , @t

σ0

ρ1qogp

σ1

σ2 σ3

ρ2

qogp

σ4
σ5

σ6

ρ3

This is the forbidden structure!
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A general framework for algorithmic hardness

Hardness results in many problems, often close to / exactly at ALG:

‚ Random k-SAT (Bresler H 21)

‚ Random graph alignment (Du Gong Huang 25)

‚ General random constraint satisfaction with average degree " 1
(Jones Marwaha Sandhu Shi 22, Chen Huang Marwaha 23)

‚ Optimizing mean-field spin glasses (Gamarnik Jagannath 19, Gamarnik
Jagannath Wein 20, H Sellke 21+23)

‚ Random perceptrons (Gamarnik Kızıldağ Perkins Xu 22, Li Schramm
Zhou 24, Montanari Zhou 24, H Sellke Sun 25`)

‚ Random systems of polynomial equations (Montanari Subag 24)

‚ Largest average submatrix / subtensor (Gamarnik Li 16, Bhamidi
Gamarnik Gong 25)
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A closer look at the OGP methodology

Following does not occur simultaneously:

‚ Algorithm A solves all G 1, . . . ,GT in the correlated ensemble

‚ Outputs σi “ ApG i
q form the desired constellation

(prob 1´ e´cN)

‚ This constellation does not exist in solution space of pG 1, . . . ,GT
q

(prob 1´ e´cN)

What does this actually imply for psolve “ PpA solves G 1
q?

If A concentrates well (e.g. local algorithm):

‚ overlap pσi ,σjq concentrates @ pi , jq
‚ algorithm’s achieved value G i

pσi q concentrates @ i

psolve ď e´cN

What if we just know A is stable? (e.g. low degree polynomial)
Union bound: psolve ď 1´ 1{T
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Strong low degree hardness 16/25

A closer look at the OGP methodology

This issue quietly plagued the OGP literature for years. Numerous works
prove psolve ď 1´ e´ΩpDq for degree D polynomials:

‚ Optimizing mean-field spin glasses (Gamarnik Jagannath Wein 20)

‚ Max independent set on G pN, d{Nq (GJW 20, Wein 20)

‚ Number partitioning problem (Gamarnik Kızıldağ 21)

‚ Random k-SAT (Bresler H 21)

‚ Symmetric / negative Ising perceptron (Gamarnik Kızıldağ Perkins Xu
22, Li Schramm Zhou 24)

We overcome this issue, and actually show psolve “ op1q for degrees
much larger than Op1q.
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‚ Random k-SAT (Bresler H 21)

‚ Symmetric / negative Ising perceptron (Gamarnik Kızıldağ Perkins Xu
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Strong low degree hardness

Theorem (H Sellke 25, informal)
If classic/ladder OGP obstruction holds with probability 1´ pogp, then

Ppa degree D “ oplog 1
pogp
q algorithm succeedsq “ op1q

‚ Max ind set on G pN, d{Nq; random k-SAT; mean-field spin glasses:
pogp “ e´cN , D “ opNq

‚ Max-clique in G pN, 1{2q: pogp “ e´c log2 N , D “ oplog2 Nq
‚ [Symmetric / neg Ising perceptron: pogp “ e´cN , D “ opN{ logNq]

Low degree heuristic (Hopkins 18): degree D polys « eD time algs
Suggests e.g. eopNq time algorithms don’t beat ALG in max ind set

This is tight: D “ OpNq / time eOpNq can brute force

(and in max-clique: D “ Oplog2 Nq / time eOplog2 Nq can brute force)
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Strong low degree hardness: proof ideas
Let’s revisit ladder OGP: consider Markovian sequence of problems

G 0
Ñ G 1

Ñ ¨ ¨ ¨ Ñ GT

G i`1 resample each edge of G i with pr ε.

Doesn’t occur simultaneously:

‚ ApG i
q solves G i for all i

‚ }ApG i
q ´ApG i`1

q} small for all i
‚ no forbidden structure in soln space of pG 0, . . . ,GT

q (prob 1´ e´cN)

­ lower bound Ppsolve allq and Ppall steps stableq by
positive correlation inequalities instead of union bound

Proof of concept: for Stabpi , i ` 1q “ t}ApG i
q ´ApG i`1

q} smallu

PpStabp0, 1q X Stabp1, 2qq “ ErPpStabp0, 1q X Stabp1, 2q|G 1
qs

(reversibility) “ ErPpStabp0, 1q|G 1
q2s

(Jensen) ě ErPpStabp0, 1q|G 1
qs2 “ PpStabp0, 1qq2
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Strong low degree hardness: initial attempt

We can iterate this dyadically!

PpStabp0, . . . ,T qq “ ErPpStabp0, . . . , T2 q X StabpT2 , . . . ,T q|G
T
2 qs

(reversibility) “ ErPpStabp0, . . . , T2 q|G
T
2 q2s

(Jensen) ě ErPpStabp0, . . . , T2 q|G
T
2 qs2 “ PpStabp0, . . . , T2 qq

2

(iterate) ě PpStabp0, 1qqT ” pTstable

‚ Same proof: PpA solve all G 0, . . . ,GT
q ě PpA solve G 0

qT ” pTsolve

‚ Ppall steps stableq ě pTstable

‚ PpE forbidden structureq “ 1´ e´cN

don’t occur simultaneously ñ pTsolve ` pTstable ď 1` e´cN

Doesn’t yet imply psolve “ op1q
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Strong low degree hardness via dyadic Jensen

­ do dyadic Jensen on merged event Solve&Stabp0, . . . ,T q:

!

A solves G 0, . . .GT and }ApG i
q ´ApG i`1

q} small for 0 ď i ď T ´ 1
)

PpSolve&Stabp0, . . . ,T qq ě PpSolve&Stabp0, . . . , T2 qq
2

ě PpSolve&Stabp0, 1qqT

Since PpE forbidden structureq “ 1´ e´cN & don’t occur simultaneously:

PpSolve&Stabp0, 1qq ď e´cN{T is small

Set suitable parameters ñ psolve “ op1q for degree D “ opNq polynomial

(more generally, D “ oplog 1
pogp
q if PpE forbidden structureq “ 1´ pogp)
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Other OGPs and SLDH 21/25

Comparison of OGPs in general problems

Value
bound

OPT´ ε

ALG

Concentrated algs only

(e.g. local algs, grad desc, . . . )

Stable (Ě concentrated) algs

(e.g. low deg polynomial)

Classic OGP
(Gamarnik Sudan 14)

Ladder OGP
(Wein 21)

Star OGP (Rahman Virág 17)

Branching OGP (H Sellke 21)

Star OGP + Ramsey
(Gamarnik Kızıldağ 21)

psolve ď e´cN Previously: psolve ď 1´ e´D for deg D

We upgrade these to psolve “ op1q
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Other OGPs and SLDH 22/25

Strong low degree hardness from star OGP + Ramsey

Theorem (H Sellke 25)
If a star OGP holds with probability 1´ pogp, then

P
´

a degree D “ oplog 1
pogp
{ log log 1

pogp
q algorithm succeeds

¯

“ op1q

Forbidden structure: m solutions with pairwise overlap qogp.

­ Construct K " 1 independent resample paths

G

G1,1 G2,1 G3,1 ¨ ¨ ¨ GK,1

G1,2 G2,2 G3,2 ¨ ¨ ¨ GK,2

G1,T G2,T G3,T ¨ ¨ ¨ GK,T

Solve&Stabpkq “ ton k-th arm,
A solves all & all steps stableu

As before: PpSolve&Stabpkqq

ě PpSolve&Stabpone stepqqT

Suppose psolve “ Ωp1q. Set K large ñ Solve&Stabpkq on many arms.
Ramsey argument of Gamarnik Kızıldağ 21 extracts forbidden structure.
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SLDH for number partitioning problem

NPP: given g1, . . . , gN
IID
„ N p0, 1q, find σ P t˘1uN minimizing

discrpσq “
ˇ

ˇ

ˇ

N
ÿ

i“1

giσi

ˇ

ˇ

ˇ

‚ Best σ that exists: Θp
?
N2´Nq (Karmarkar Karp Lueker Odlyzko 86)

‚ Best known algorithm finds: 2´Θplog2 Nq (Karmarkar Karp 83)

‚ Stable algorithms cannot reach 2´ΘpNq (Gamarnik Kızıldağ 21)

‚ Algorithms cannot beat 2´Θplog3 Nq, assuming worst case hardness of
approx shortest vector in lattices (Vafa Vaikuntanathan 25)

Theorem (Mallarapu Sellke 25)
For any 1 ! D ! N, Ppa degree D alg beats 2´

rΩpDqq “ op1q.

This is sharp for all 1 ! D ! N: deg D achieves 2´
rΩpDq by brute force.
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Relation to shortest path OGP

Li Schramm 24: shortest path on G pN, C log N
N q satisfies OGP but is easy

ñ OGP implies hardness for stable algs. When is this indictative
of hardness for all algs?

H Sellke 25: OGP with prob 1´ pogp ñ hard for deg D ! log 1
pogp

(and D — log 1
pogp

can brute force in many problems)

Our perspective: probability of OGP could matter

‚ shortest path OGP holds with pogp —
log log N

log N ñ D — log logN

‚ heuristically corresponds to runtime eD ! polypNq

Possible reconciliation: pogp “ N´ωp1q necessary for “genuine” hardness
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Conclusion
We upgrade existing low deg hardness in random optimization problems:
degree roplog 1

pogp
q algorithms succeed with probability op1q.

Value
bound

OPT´ ε

ALG

Concentrated algs
(local, AMP)

Stable (Ě conc) algs
(degree Op1q poly)

(degree ropNq poly)

Outstanding challenges:

‚ strong low degree hardness
for branching OGP

‚ long-time analysis of
Glauber / Langevin dynamics

‚ hardness of finding isolated
solutions

‚ quantum systems (see
Anschuetz Gamarnik Kiani 24)

Thank you!
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