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Extensively studied models of disordered objectives:
e Max-cut, max independent set, g-coloring, on random graph G(N, p)

e Constraint satisfaction: random instances of (max)-k-SAT, e.g.

(x1 VX3 Vvxs)A(avxsVvXs) A (X VXV Xe)

e Random perceptron: given IID g',.... g ~ N(0,ly), ¢ : R — R,
1

activation

M
H(U) = 2 @(<07ga>)

Maximize over spherical domain o € SN—1



Random optimization problems: motivation

e Max-likelihood estimation in statistical tasks, e.g. stochastic block
model: recover latent communities from unlabeled graph

(Mossel Neeman Sly 12, Abbe Bandeira Hall 15, Mossel Sly Sohn 23)

Introduction and motivating problems 2/25



Random optimization problems: motivation

e Max-likelihood estimation in statistical tasks, e.g. stochastic block
model: recover latent communities from unlabeled graph

(Mossel Neeman Sly 12, Abbe Bandeira Hall 15, Mossel Sly Sohn 23)
MLE is min-bisection — non-convex and NP-hard in worst case.

Introduction and motivating problems 2/25



Random optimization problems: motivation

e Max-likelihood estimation in statistical tasks, e.g. stochastic block
model: recover latent communities from unlabeled graph

(Mossel Neeman Sly 12, Abbe Bandeira Hall 15, Mossel Sly Sohn 23)
MLE is min-bisection — non-convex and NP-hard in worst case.

e Model of neural network loss landscapes
(Choromanska Henaff Mathieu Ben Arous LeCun 15)

Introduction and motivating problems 2/25



Random optimization problems: motivation

e Max-likelihood estimation in statistical tasks, e.g. stochastic block
model: recover latent communities from unlabeled graph

(Mossel Neeman Sly 12, Abbe Bandeira Hall 15, Mossel Sly Sohn 23)
MLE is min-bisection — non-convex and NP-hard in worst case.

e Model of neural network loss landscapes
(Choromanska Henaff Mathieu Ben Arous LeCun 15)

Random perceptron <> loss landscape of neural net on random data.
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What value ALG can an efficient algorithm achieve? Does ALG = OPT?

algorithms succeed solutions exist but hard to find no solutions
s

0 All_G OIIDT value of H

Challenges:
e Highly nonconvex landscape with e?(V)

maxima — what are good algorithms?

e Average case setting — how to reason
about algorithmic hardness?
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Solution geometry and algorithmic connections

Level sets {0 : H(o) ~ E} exhibit (conjectured) phase transitions:

0 umq Egn Ersp EOPt

(Image from Krzakala Montanari Ricci-Tersenghi Semerjian Zdeborova 06)

Algorithmic implications expected, e.g. local MCMC fails beyond
shattering threshold Eg,

Does solution geometry have rigorous implications
for algorithmic tractability?
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This talk: overlap gap property

Gamarnik Sudan 14: solution landscape properties = rigorous hardness
for stable algorithms in random search / optimization problems

Stability: view algorithm A : H — o as function of problem instance H

Basic idea is to argue:

e If stable algorithm A succeeds, it can build a solution constellation with
some prescribed geometry

e But we can show this constellation doesn’t exist in solution space
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I I
0 ALG = &9 OPT = 2ledy

Hatami Lovdsz Szegedy 12 conjecture: local algorithms can
(1 - o(1))-approximate OPT

Local algorithm: generate U, ~ unif([0, 1])

at each v € G (shared randomness)

At each v € G, decide output o, € {0,1} based on
only data within R-neighborhood of v (R = O(1))
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Questions

e Can we show a tighter bound?

algorithms succeed hard for local algs no solutions

A what happens here? |

I |
! log 11\ logd 2log d
0 Ed N 1+ Z5)°5°N ‘;éN

e Algorithm classes beyond local algorithms?

e Problems beyond max independent set?

e Finer-grained runtime bounds?
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Remarks

Instead of |difference(o, p)|, equivalent to consider overlap (o, p)/N,
where we encode o, p € {0, 1}V

“No solutions o, p with medium overlap” is notion of clustering:

P . .
- - = - no solutions in red zone

OGP uses geometry to rule out stable algorithms. We hope this is
indicative of hardness for all polynomial time algorithms.
Known exceptions:

e Random k-XOR-SAT exhibits OGP, but solved by gaussian elimination
e Lattice methods use algebraic structure (Zadik Song Wein Bruna 21)
e Shortest path exhibits OGP but easy (Li Schramm 24)
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Encode G € {0, 1}(A2,) by edge indicators. Class of algs A : R() — RV
A(G) = (A(G), ..., An(G)) .
where each A; is a (possibly random) degree < D polynomial.

Round to get output in {£1}V. Deg O(1) polys include:

e Gradient descent, Langevin dynamics

e Approximate message passing, first-order iterations } for O(1) time
e Message passing algorithms on factor graphs

e O(1)-local algorithms

Low degree heuristic: deg < D polynomials ~ €9(0) time algorithms in
many statistical problems (Hopkins 18, Kunisky Wein Bandeira 19, ...)
So deg O(log N) ~ polynomial time

(But see Buhai Hsieh Jain Kothari 25 for counterexample)
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e Gamarnik Jagannath Wein 20: max ind set hard at (1 + %)Iong

e Wein 21: MIS hard at '°§dN = ALG (see also Rahman Virag 17)

e OGP = low degree hardness in many problems (Gamarnik Kizildag 21,
Bresler H 21, Gamarnik Kizildag Perkins Xu 22, Li Schramm Zhou 24)

The catch: these results show P(a degree D alg succeeds) < 1 — e~%(P)

Open problem in Dec 2024 AIM workshop: Low degree polynomial
methods in average-case complexity

Our main result improves this to o(1)
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o P(all steps stable) > pl, .

e P(# forbidden structure) =1 — e~ N

don’t occur simultaneously =

Doesn't yet imply psoe = 0(1) @
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Strong low degree hardness via dyadic Jensen

do dyadic Jensen on merged event Solve&Stab(0,..., T):

{A solves G°,... G and |A(G') — A(G'")| small for 0 < i< T — 1}
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P(Solve&Stab(0, ..., T)) = P(Solve&Stab(0, ...

> ) %))2
> P(Solve&Stab(0,1)) "

Since P( forbidden structure) = 1 — e~“N & don’t occur simultaneously:
P(Solve&Stab(0,1)) < e=MT s small

Set suitable parameters = p.,e = 0(1) for degree D = o(N) polynomial

(more generally, D = o(log p()%p) if P( forbidden structure) = 1 — pog,)
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Outline of talk:

Other OGPs and SLDH
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Comparison of OGPs in general

ALG

Value
bound

OPT —¢

Branching OGP (H Sellke 21)

Star OGP (Rahman Virag 17)

)

problems

We upgrade these to p.,,. = o(1)

Star OGP + Ramsey
(Gamarnik Kizildag 21)

Ladder OGP
(Wein 21)

[S)
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(Gamarnik Sudan 14)

Concentrated algs only
(e.g. local algs, grad desc, ..

Psolve < €
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)

Stable (2 concentrated) algs
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Strong low degree hardness from star OGP + Ramsey

Theorem (H Sellke 25)
If a star OGP holds with probability 1 — pogp, then

P(a degree D = o(log pi/log log %) algorithm succeeds) =o(1)
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Strong low degree hardness from star OGP + Ramsey

Theorem (H Sellke 25)
If a star OGP holds with probability 1 — pogp, then

P(a degree D = o(log pi/log log %) algorithm succeeds) =o(1)

Forbidden structure: m solutions with pairwise overlap gogp.

Construct K » 1 independent resample paths

©
// \ Solve&Stab®) = {on k-th arm,
A3 @ @
& &)

: A solves all & all steps stable}

¢
DO O

Suppose psoive = 2(1). Set K large = Solve&Stab® on many arms.

Ramsey argument of Gamarnik Kizildag 21 extracts forbidden structure.
Other OGPs and SLDH 22/25
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e Stable algorithms cannot reach 27®(V) (Gamarnik Kizildag 21)

e Algorithms cannot beat 2—©(log’ Ny assuming worst case hardness of
approx shortest vector in lattices (Vafa Vaikuntanathan 25)

Theorem (Mallarapu Sellke 25)
For any 1 « D « N, P(a degree D alg beats 2=%(P)) = o(1).

This is sharp for all 1 « D « N: deg D achieves 2-9(D) by brute force.
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Relation to shortest path OGP
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H Sellke 25: OGP with prob 1 — pog, = hard for deg D « log -
(and D = log pi can brute force in many problems)

Our perspective: probability of OGP could matter

log log N
log N

e shortest path OGP holds with pyg, = = D = loglog N

e heuristically corresponds to runtime e « poly(N)

Possible reconciliation: p.,, = N=«@) necessary for “genuine” hardness
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Conclusion

We upgrade existing low deg hardness in random optimization problems:
degree 6(log PL) algorithms succeed with probability o(1).
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